The Hom closed colocalizing subcategories of the stable module category of a finite group are classified. Along the way, the colocalizing subcategories of the homotopy category of injectives over an exterior algebra, and the derived category of a formal commutative di¤erential graded algebra, are classified. To this end, and with an eye towards future applications, a notion of local homology and cosupport for triangulated categories is developed, building on earlier work of the authors on local cohomology and support.
Introduction
Let G be a finite group and k a field of characteristic p, dividing the order of G, and StModðkGÞ the stable module category of possibly infinite dimensional kG-modules. We write V G for the set of all homogeneous prime ideals except the maximal ideal in the cohomology algebra H Ã ðG; kÞ of G, and V G ðMÞ for the support of any M A StModðkGÞ, defined by Benson, Carlson and Rickard [3] when k is algebraically closed, and extended in [6] to all fields. One of the main results in this work is a classification of the colocalizing subcategories of StModðkGÞ: Theorem 1.1. The map that assigns to each subset U L V G the subcategory fN A StModðkGÞ j Hom kG ðM; NÞ ¼ 0 for all M with V G ðMÞ L Ug gives a bijection between subsets of V G and colocalizing subcategories of StModðkGÞ that are closed under tensor product with simple kG-modules.
A colocalizing subcategory C is by definition a full triangulated subcategory that is closed under set-indexed products. Such a subcategory is closed under tensor product with simples if and only if it is Hom closed: If N is in C, so is Hom k ðM; NÞ for any The research of the first and second authors was undertaken during visits to the University of Paderborn, each supported by a research prize from the Humboldt Foundation. The research of the second author was also partly supported by NSF grant DMS 0903493. : ! @ The inverse map sends a colocalizing subcategory S to ? S. Theorem 1.1 and Corollary 1.2, proved in Section 11, are analogues of recent results of Neeman [21] on the derived category of a noetherian commutative ring.
The definition of the inverse of the map in Theorem 1.1 involves a notion of cosupport for a module M in StModðkGÞ, introduced in this work to be the subset cosupp G M ¼ fp A V G j Hom k ðk p ; MÞ is not projectiveg; with k p the Rickard idempotent module associated to p, constructed in [3] . Recall that the support of M is fp A V G j k p n M is not projectiveg. The inverse map in Theorem 1.1 assigns to a subcategory C of StModðkGÞ the complement in V G of the set S
The proof of Theorem 1.1 is modeled on that of [6] , Theorem 10.3, where localizing subcategories of StModðkGÞ are classified. It involves a sequence of changes of category, for which reason it has been necessary to develop a theory of cosupport for objects in triangulated categories, along the lines for the one for support in our earlier work [4] , [6] , [5] .
The context is a compactly generated triangulated category T with set-indexed coproducts endowed with an action of a graded commutative noetherian ring R; meaning, a homomorphism R ! Z Ã ðTÞ of graded rings from R to the graded center of T. For each p in Spec R, the set of homogeneous prime ideals in R, we introduce a local homology functor L p , constructed as a right adjoint to the local cohomology functor, G p , from [4] , and define the cosupport of an object X of T by cosupp R X ¼ fp A Spec R j L p X 3 0g:
In the first part of this paper, Sections 2 to 5, we establish salient properties of local homology and cosupport; for instance, that the maximal elements with respect to inclusion in the cosupport and the support of any object X in T coincide:
This is proved as part of Theorem 4. 13 . It follows that cosupp R X ¼ j if and only if supp R X ¼ j, which is equivalent to X ¼ 0 by [4] , Theorem 5.2. These results suggest a close connection between the support and cosupport. However, while the support of an object is well-understood, the cosupport remains a mysterious entity. For instance, the only complete results we could obtain for finitely generated modules over commutative noetherian rings are given in Propositions 4.18 and 4. 19 .
From Section 8 onwards we turn to colocalizing subcategories of T, focusing on the case when T is tensor triangulated with a canonical R-action, meaning an action induced by a homomorphism R ! End Ã T ð1Þ, where 1 is the unit for the tensor product on T. This is the context of the main results of this work, and the rest of this introduction. The category T admits an internal function object, denoted HomðX ; Y Þ, and it is natural to examine the Hom closed colocalizing subcategories of T. A useful result concerning these is that for each X A T there is an equality
which is a form of local-global principle for colocalizing subcategories. This statement is Theorem 8.6 and an analogue of such a local-global principle for localizing subcategories in [6] , Theorem 3.6. The theorem is a first step in our approach to the problem of classifying the Hom closed colocalizing subcategories of T, for it permits one to reduce it to the classification problem for L p T, the essential image of the functor L p , for each p A Spec R; see Proposition 9.1. We note that L p T is itself colocalizing and Hom closed; see Propositions 4.16 and 8.3.
The following definition thus naturally emerges: the tensor triangulated category T is costratified by R if for each p A Spec R there are no non-trivial Hom closed colocalizing subcategories in L p T. Given the discussion above, it is clear that when this property holds the map assigning to a subcategory C the subset S fsubsets of supp R Tg: ! @ This bijection is Corollary 9.2 and was the main reason for our interest in the costratification condition. However, there are other remarkable consequences that follow from it. For instance, we prove in Theorem 9.7: if T is costratified by R, it is also stratified by R, meaning that there are no proper tensor closed localizing subcategories of G p T; see [6] , [5] . One consequence is that if T is costratified by R then there is a bijection, analogous to the one in Corollary 1.2, between the tensor closed localizing subcategories and the Hom closed colocalizing subcategories of T, via left and right perp; see Corollary 9.9.
In Theorem 9.5 we prove that if T is stratified by R there is an equality
This is an analogue of the tensor product theorem for support [5] , Theorem 7.3. It follows that one gets
provided that the tensor identity generates T; see Corollary 9.6. This is a surprisingly complete result, for it is often di‰cult to obtain precise conditions under which there are nonzero maps between objects in a triangulated category.
In Section 11 we prove Theorem 1.1, by establishing that the tensor triangulated category StModðkGÞ is costratified by the canonical action of H Ã ðG; kÞ. Along the way we prove that the following tensor triangulated categories are costratified:
The derived category of a formal dg algebra whose cohomology is graded commutative and noetherian; see Theorem 10.3.
The homotopy category of graded injectives over an exterior algebra, viewed as a dg algebra with zero di¤erential; see Theorem 10.4.
The homotopy category of complexes of injective kG-modules, where G is a finite group; see Theorem 11.10.
The proofs of these results use much of the material on cosupport and local homology in the preceding sections, as well as results on their behavior under changes of categories, studied in Section 7. Specialized to the case of a commutative noetherian ring, viewed as a dg algebra concentrated in degree 0, the first item in the preceding list is Neeman's theorem, mentioned at the beginning, which was the inspiration for the results described in this article.
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(Co)localization functors on triangulated categories
In this section we collect basic facts about localization and colocalization functors on triangulated categories required in this work; see [4] , §3, for details.
Let T be a triangulated category which admits set-indexed products and coproducts. We write S for the suspension functor on T. The kernel of an exact functor F : T ! T is the full subcategory
while the essential image of F is the full subcategory
A localizing subcategory of T is a full triangulated subcategory that is closed under taking all coproducts. We write Loc T ðCÞ for the smallest localizing subcategory containing a given class of objects C in T, and call it the localizing subcategory generated by C. Analogously, a colocalizing subcategory of T is a full triangulated subcategory that is closed under taking all products, and Coloc T ðCÞ denotes the colocalizing subcategory of T that is cogenerated by C.
A localization functor L : T ! T is an exact functor that admits for each X in T a natural morphism hX : X ! LX , called adjunction, such that LðhX Þ is an isomorphism and LðhX Þ ¼ hðLX Þ. A functor G : T ! T is a colocalization functor if its opposite functor G op : T op ! T op is a localization functor; the corresponding natural morphism yX : GX ! X is called coadjunction.
A localization functor L : T ! T is essentially determined by its kernel, which is a localizing subcategory of T, for it coincides with the kernel of a functor that admits a right adjoint; see [4] , Lemma 3.1. The natural transformation h : Id T ! L induces for each object X in T a natural exact localization triangle
This exact triangle gives rise to an exact functor G :
The functor G is a colocalization, and each colocalization functor on T arises in this way. This yields a natural bijection between localization and colocalization functors on T. Note that Ker G is a colocalizing subcategory of T.
Given a subcategory C of a triangulated category T we define full subcategories
Evidently, ? C is a localizing subcategory, and C ? is a colocalizing subcategory.
The next lemma summarizes the basic facts about localization and colocalization.
Lemma 2.1. Let T be a triangulated category and S a triangulated subcategory. Then the following are equivalent:
(1) There exists a localization functor L : T ! T such that Ker L ¼ S.
(2) There exists a colocalization functor G : T ! T such that Im G ¼ S.
In that case both functors are related by a functorial exact triangle
Moreover, there are equalities S ? ¼ Im L ¼ Ker G and ? ðS ? Þ ¼ S.
Proof. See [4] , Lemma 3.3. r Remark 2.2. There is a dual version of Lemma 2.1 whose formulation is left to the reader. Note that Im F op ¼ Im F and Ker F op ¼ Ker F for any functor F .
Adjoints. We discuss the formal properties of right adjoints of (co)localization functors. This material is the foundation for local homology and cosupport. Proposition 2.3. Let L; G : T ! T be exact functors such that L is a localization functor, G is a colocalization functor, and both induce a functorial exact triangle GX ! X ! LX ! . Then L admits a right adjoint if and only if G admits a right adjoint. In that case let L and V denote right adjoints of G and L, respectively.1) Then the following holds:
(1) The functor L is a localization functor and V is a colocalization functor. They induce a functorial exact triangle VX ! X ! LX ! :
(2) There are identities
(3) There are isomorphisms
LG ! @ L; G ! @ GL; VL ! @ L; and V ! @ LV:
(4) The functors G and L induce mutually quasi-inverse equivalences Im L ! @ Im G and Im G ! @ Im L:
Remark 2.4. The functors L, G, L, V occurring in the preceding proposition induce the following recollement:
Proof of Proposition 2.3. It follows from Proposition A.4 that L admits a right adjoint if and only if there exists a colocalization functor V : T ! T with Im V ¼ Im L. Using Lemma 2.1 and the fact that Im L ¼ Ker G, it follows that the existence of V is equivalent to the existence of a localization functor L : T ! T with Ker L ¼ Ker G. Proposition A.5 and Remark A.6 imply that the existence of L is equivalent to the existence of a right adjoint of G.
(1) The properties of L and V are explained above. The existence of the functorial exact triangle then follows from Lemma 2.1 as Ker L ¼ Im V .
1) It is customary to write L for a localization functor. A colocalization functor is a localization functor for the opposite category; we denote it G, thought of as L turned upside down. The interpretation of local cohomology in the sense of Grothendieck as colocalization provides another reason for the use of G. Local homology in the sense of Greenlees and May is denoted L; it is a right adjoint of G and hence a localization. The corresponding colocalization is thus denoted V.
(2) The identities follow from the first part of the proof and Lemma 2.1.
(3) Combine the localization triangles for L and L with the identities in (2).
(4) The isomorphisms in (3) induce isomorphisms
LGL G L 2 G L and GLG G G 2 G G:
Thus
LG is isomorphic to the identity on Im L, while GL is isomorphic to the identity on Im G. r
Local cohomology and support
In this section we recall the construction, and basic properties, of local cohomology functors and support for triangulated categories, from [4] , [5] .
Compact generation. An object C in a triangulated category T admitting set-indexed coproducts is compact if the functor Hom T ðC; ÀÞ commutes with all coproducts. We write T c for the full subcategory of compact objects in T. The category T is compactly generated if it is generated by a set of compact objects.
Recall that we write S for the suspension on T. For objects X and Y in T, let Central ring actions. Let R be a graded-commutative ring; thus R is Z-graded and satisfies rs ¼ ðÀ1Þ jrj jsj sr for each pair of homogeneous elements r, s in R. We say that a triangulated category T is R-linear, or that R acts on T, if there is a homomorphism f : R ! Z Ã ðTÞ of graded rings, where Z Ã ðTÞ is the graded center of T. This yields for each object X a homomorphism f X : R ! End Ã T ðX Þ of graded rings such that for all objects X ; Y A T the R-module structures on Hom Ã T ðX ; Y Þ induced by f X and f Y agree, up to the usual sign rule.
Henceforth T will be a compactly generated triangulated category with set-indexed coproducts, and R a graded-commutative noetherian ring acting on T.
Since T is compactly generated with set-indexed coproducts, it follows from the Brown representability theorem that T also admits set-indexed products; see [20] , Proposition 8.4.6. This fact is used without further comment.
Local cohomology and support. We write Spec R for the set of homogeneous prime ideals of R. Fix p A Spec R and let M be a graded R-module. The homogeneous localization of M at p is denoted by M p and M is called p-local when the natural map M ! M p is bijective.
Given a homogeneous ideal a in R, we set
The specialization closure of a subset U of Spec R is the set
The subset U is specialization closed if cl U ¼ U; equivalently, if U is a union of Zariski closed subsets of Spec R. For each specialization closed subset V of Spec R, we define the full subcategory of T of V-torsion objects as follows:
This is a localizing subcategory and there exists a localization functor L V :
The localization functor L V induces a colocalization functor on T, which we denote G V , and call the local cohomology functor with respect to V; see Section 2. For each object X in T there is then an exact localization triangle
In [4] we established a number of properties of these functors; for instance, that they commute with all coproducts in T, see [4] , Corollary 6.5.
For each p in Spec R and each object X in T set
The notation is justified by the fact that, by [4] , Theorem 4.7, the adjunction morphism X ! X p induces for any compact object C an isomorphism of R-modules
We say X is p-local if the adjunction morphism X ! X p is an isomorphism; this is equivalent to the condition that there exists some isomorphism X G X p in T.
Consider the exact functor G p : T ! T obtained by setting
and let G p T denote its essential image. One has a natural isomorphism G 2 p G G p , and an object X from T is in G p T if and only if the R-module Hom Ã T ðC; X Þ is p-local and p-torsion for every compact object C; see [4] , Corollary 4.10.
The support of an object X in T is by definition the set
One has supp R X ¼ j if and only if X ¼ 0 holds; see [4] , Theorem 5.2.
Koszul objects. For each object X in T and each homogeneous ideal a in R, we denote X @a a Koszul object on a finite sequence of elements generating the ideal a; see [4] , §5. Its construction depends on a choice of a generating sequence, but the localizing subcategory generated by it is independent of choice, and depends only on the radical ideal of a; this follows from [5] , Proposition 2.11 (2) . Set X ðpÞ ¼ ðX @pÞ p for each p A Spec R:
The following computations will be used often:
For the first one, see [5] , Lemma 2.6; the second follows, given [4] , Theorem 5.6.
The first part of the result below is [4] , Theorem 6.4, see also [5] , Proposition 2.7; the second one is part of [5] , Proposition 3.9.
Theorem 3.2. Suppose G is a set of compact generators for T. For each specialization closed subset V and p A Spec R, there are equalities
where both generating sets consist of compact objects.
Local homology and cosupport
Let T denote a compactly generated R-linear triangulated category, as in Section 3. We introduce local homology functors and a notion of cosupport for T.
Local homology. Fix a specialization closed subset V L Spec R. The functors L V and G V on T preserve coproducts by [4] , Corollary 6.5, and hence have right adjoints, by Brown representability. Following the notation in Proposition 2.3, this yields adjoint pairs ðL V ; V V Þ and ðG V ; L V Þ, and, for each X A T, an exact triangle
We call L V the local homology functor with respect to V; see Remark 4.17.
The commutation rules for the functors L V and G V given in [4] , Proposition 6.1, carry over to their right adjoints: For any specialization closed subset W of Spec R there are isomorphisms:
If V M W holds, then these isomorphisms and Proposition 2.3(2) yield
These facts will be used without comment. For each p A Spec R set
Note that L p G V ZðpÞ L VðpÞ ; that L p G ðL p Þ 2 ; and that ðG p ; L p Þ is an adjoint pair.
Cosupport. The cosupport of an object X in T is the set
The cosupport can be computed using Koszul objects, recalled in Section 3. Moreover, the object C can be chosen from any set of compact generators for T.
Proof. If L p X 3 0, then Hom T ðL p X ; L p X Þ 3 0, and hence Hom T ðG p L p X ; X Þ 3 0, since ðG p ; L p Þ form an adjoint pair. Since G p L p X is evidently in G p T, the last condition implies Hom T À CðpÞ; X Á 3 0 for some compact object C which is part of a generating set for T, by Theorem 3.2.
Conversely, if Hom T À CðpÞ; X Á 3 0 for some C A T, then since G p CðpÞ G CðpÞ, by, for instance, Theorem 3.2, one obtains that
Thus, L p X 3 0, that is to say, p is in cosupp R X . r
An important property of cosupport is that it is non-empty for non-zero objects. We deduce this result from the corresponding statement for supports and the result above. For another perspective, see Theorem 4.13.
Theorem 4.5. For any X A T, one has cosupp R X ¼ j if and only if X ¼ 0.
Proof. Clearly, X ¼ 0 implies cosupp R X ¼ j.
If X 3 0, then supp R X 3 j, by [4] , Theorem 5.2. Pick a prime p in supp R X , maximal with respect to inclusion. Then supp R ðX @pÞ ¼ fpg, by (3.1), which implies, in particular, that X @p 3 0; equivalently, Hom T ðX @p; X @pÞ 3 0. Moreover, X @p is p-local, hence isomorphic to X ðpÞ, which explains the isomorphism below:
Hom T À X ðpÞ; X @p Á G Hom T ðX @p; X @pÞ 3 0:
Since X @p is in Thick T ðX Þ, by construction, it follows that Hom T À X ðpÞ; X Á 3 0. Hence p A cosupp R X , by Proposition 4.4. r
Next we describe further basic properties of local homology functors and cosupports. The one below is immediate from the exactness of the functor L p .
There is a more precise result for exact triangles (4.1).
Proposition 4.7. Let V be a specialization closed subset of Spec R. For each X in T the following equalities hold:
3). Hence one gets that
The identity for cosupp R L V X follows. The proof of the second one is similar. r
The preceding result and Theorem 4.5 yield:
Corollary 4.8. Let V L Spec R be specialization closed and X an object in T. The following conditions are equivalent:
(3) The natural map X ! L V X is an isomorphism.
This result above is complemented by: Corollary 4.9. Let V L Spec R be specialization closed and X an object in T. The following conditions are equivalent:
(1) cosupp R X L Spec RnV.
In particular, cosupp R X L Spec RnZðpÞ if and only if X is p-local.
Proof. The equivalence of (1), (2), and (3) follows from Proposition 4.7 and Theorem 4.5, while the equivalence of (1 0 ), (2 0 ), and (3 0 ) is part of [4] , Corollary 5.7. It remains to note that (2) , (2 0 ), by Proposition 2.3 (2) .
The next result is an analogue of [4] , Corollary 5.8. The next goal is Theorem 4.13; the following two results prepare for its proof. The one below is extracted from [4] , Lemma 5.11. Lemma 4.11. Let a be a homogeneous ideal in R. For any objects X and Y in T, the following statements hold:
(1) The R-modules Hom Ã T ðX @a; Y Þ and Hom Ã T ðX ; Y @aÞ are a-torsion.
The equality below is a version of (3.1) for the cosupport.
Lemma 4.12. Let a be a homogeneous ideal in R and X an object in T. Then cosupp R ðX @aÞ ¼ VðaÞ X cosupp R X :
Proof. From (3.1) one gets an equality
If Hom Ã À CðpÞ; X @a Á 3 0 for some C A T, then Hom Ã À CðpÞ@a; X Á 3 0; this follows from Lemma 4.11 (3) . In particular, CðpÞ@a 3 0, so p A VðaÞ, by the equality above. One thus obtains from Proposition 4.4 that cosupp R ðX @aÞ L VðaÞ.
When p A VðaÞ holds, it follows from Lemma 4.11 (1) , and the observation that CðpÞ is isomorphic to C p @p, that the R-module Hom Ã T À CðpÞ; X Á is p-torsion, and hence also a-torsion. Therefore, Lemma 4.11(2) yields:
The desired equality involving cosupport now follows from Proposition 4.4. r
Given U L Spec R, we write max U for the set of elements p A U such that q A U and q M p imply q ¼ p. Recall that L p T denotes the essential image of L p . Theorem 4.13. For each object X in T there is an equality:
Proof. We prove maxðsupp R X Þ L cosupp R X and maxðcosupp R X Þ L supp R X ; the first equality would then follow.
Fix p in maxðsupp R X Þ. Then supp R ðX @pÞ ¼ fpg, by (3.1), so X @p is p-local; see Corollary 4.9. It is always p-torsion, so X @p ¼ X ðpÞ, and then Hom Ã T À X ðpÞ; X @p Á G Hom Ã T ðX @p; X @pÞ 3 0:
This implies that p is in cosupp R ðX @pÞ by Proposition 4.4, hence also that it is in cosupp R X , by Lemma 4.12.
If p A maxðcosupp R X Þ, then cosupp R ðX @pÞ ¼ fpg, by Lemma 4.12. Therefore the object X @p is p-local, by Corollary 4.9, and p-torsion, so supp R ðX @pÞ ¼ fpg. It remains to recall (3.1) to conclude that p A supp R X .
Finally, cosupp R X ðpÞ L VðpÞ by Lemma 4.12, since X ðpÞ G X p @p. Thus the inclusion supp R X ðpÞ L fpg from (3.1) implies the corresponding inclusion for cosupport. It then follows from Corollaries 4.8 and 4.9 that X ðpÞ is in L p T. On the other hand, X ðpÞ is also in G p T, by [4] , Corollary 5.7. r
To round o¤ this material, we prove an analogue of Proposition 4.4 for supports. For each object X in T and p A Spec R, one has
Proof. When p is in supp R X it follows from (3.1) that X ðpÞ 3 0, hence
where the first isomorphism holds as X ðpÞ is p-local. Since X @p is in Thick T ðX Þ, one obtains that Hom T À X ; X ðpÞ Á 3 0. This settles one implication.
The other implication follows from the chain of isomorphisms
where the first one holds because L p Y ðpÞ G Y ðpÞ, by Theorem 4.13. r 
Proof. The statement for X is proved in [5] , Proposition 3.3; see also [4] , Theorem 7.1. Modifying the arguments by taking adjunctions, and taking into account Proposition 4.16 below, yields the proof of the statement for Y . r Analogues of the next statement hold for V V and L V also. Proposition 4.16. Given objects fX i g i A I in T there is a natural isomorphism
In particular, for any subset U L Spec R the full subcategory with objects
is a colocalizing subcategory of T.
Proof. Right adjoints distribute over products. This applies to L p , which is right adjoint to G p , to yield the desired isomorphism. Given this, the second part of the statement follows, for the subcategory in question equals T
Commutative noetherian rings. Let A be a commutative noetherian ring and DðAÞ the derived category of the category of all A-modules. The category DðAÞ is triangulated and compactly generated; indeed, A is a compact generator. It is also A-linear, where for each M A DðAÞ, the homomorphism A ! Hom D ðM; MÞ is given by scalar multiplication.
Remark 4.17. Fix an ideal a in A. In [4] , Theorem 9.1, it is proved that G VðaÞ is the derived functor of the a-torsion functor, which assigns an A-module M to the module lim À! Hom A ðA=a n ; MÞ. Greenlees and May [14] , §2, see also Lipman [19] , §4, proved that the right adjoint of the latter is local homology and that it coincides with the left derived functor of the a-adic completion functor, which assigns M to lim À M=a n M. In commutative algebra literature (as in [19] ), the a-adic completion functor itself would usually be denoted L a . Our choice of notation, L VðaÞ for the right adjoint of G VðaÞ , is based on this connection.
The functor V V too has, in this context, a familiar avatar, at least in the special case V ¼ ZðpÞ for some p in Spec A: The morphism M ! M p ¼ L ZðpÞ M is the usual localization map, see the proof of [4] , Theorem 9.1, so it follows from the classical Hom-tensor adjunction isomorphism that its right adjoint is
In practice however, the cosupport seems hard to compute, even for M ¼ A. What little we know about this is contained in the following results. 
Proof. The equality on the left is easily verified. For the one on the right, given Theorem 4.13, it su‰ces to prove that the zero ideal is in cosupp Z M if and only if it is also in supp Z M. By Proposition 4.4, this amounts to verifying that
Since M G H Ã M in DðZÞ it su‰ces to verify the equivalence above when M is an indecomposable finitely generated Z-module, hence of the form Z=nZ, for some n f 0. When n f 1, one has RHom Z ðQ;
It remains to verify that RHom Z ðQ; ZÞ 3 0; see [11] , §51, Exercise 7. r For complete local rings on the other hand, the di¤erence between cosupport and support can be as large as Theorem 4.13 permits.
Proposition 4.19. Let A be a commutative noetherian ring and a an ideal in A. The following conditions are equivalent:
(1) A is a-adically complete.
(2) cosupp A A L VðaÞ holds.
(3) cosupp A M L VðaÞ holds for any M A DðAÞ with H Ã M finitely generated.
Proof. The equivalence of (1) and (2) is contained in Corollary 4.8. Thus it remains to prove that (1) implies (3).
When A is a-adically complete so is any finitely generated module. Since the a-adic completion functor is exact on finitely generated modules, one obtains an isomorphism M ! @ L VðaÞ M for any such module M, and hence also for any complex M with H Ã M finitely generated. Now apply Corollary 4.8. r
For any object X in T and p A Spec R, the support of X p is contained in that of X ; see [4] , Theorem 5.6. The corresponding statement for cosupports does not hold, which speaks to one of the di‰culties in computing this invariant.
Example 4.20. Let ðA; mÞ be a local ring that is m-adically complete. Then for any p A Spec Anfmg one has
Indeed, the equality holds by Proposition 4.19. That p is in cosupp A ðA p Þ can be checked directly, or via Theorem 4.13 and the equality supp A ðA p Þ ¼ Spec A p . 
p-local and p-complete objects
As before, let T denote a compactly generated R-linear triangulated category. In this section we investigate the subcategories L p T, for each p A Spec R. They contain local information about T and are important in classifying its colocalizing subcategories; see the discussion in the last part of this section.
We begin by noting that an object X is in L p T if and only if cosupp R X L fpg, if and only if X is p-local (that is, X ! X p is an isomorphism) and also p-complete, meaning that the natural map X ! L VðpÞ X is an isomorphism; see Corollaries 4.9 and 4.8. Also L p T is a colocalizing subcategory of T, by Proposition 4.16.
Recall that X is in G p T if and only if supp R X L fpg, if and only if X is p-local and p-torsion; see [4] , Corollaries 4.9, 5.10, and that G p T is a localizing subcategory.
Dwyer-Greenlees correspondence. Fix a prime p in Spec R. The result below, which establishes an equivalence between the category of p-local and p-complete objects and the category of p-local and p-torsion objects, may be viewed as extension of such an equivalence discovered by Dwyer and Greenlees [9] , Theorem 2.1, see also Hovey, Palmieri, and Strickland [15] , Theorem 3.3.5, to our setting. Proof. Apply the identities in Proposition 2.3. r
As a triangulated category, G p T is compactly generated by fCðpÞ j C A T c g; see Theorem 3.2. Given Theorem 4.13 and the equivalence G p T ! @ L p T in Proposition 5.1, it follows that the same set generates L p T, where the coproduct in L p T is the one induced from G p T.
Next we describe a set of cogenerators for L p T.
Perfect cogeneration. Let U be a triangulated category with set-indexed products. A set of objects S perfectly cogenerates U if the following conditions hold:
(1) If X is an object in U and Hom U ðX ; SÞ ¼ 0 for all S A S, then X ¼ 0.
(2) If a countable family of maps X i ! Y i in U is such that
is surjective for all i and all S A S, then so are the induced maps:
If a set of objects S perfectly cogenerates U, then Coloc U ðSÞ ¼ U.
Proof. The proof is akin to that of the corollary in [17] , §1. r
Injective objects. Let now T be an R-linear triangulated category as before. For each compact object C in T and each injective R-module I , Brown representability yields an object T C ðI Þ in T and a natural isomorphism:
For p A Spec R, let I ðpÞ denote the injective envelope of R=p.
Proof. The shifts of I ðpÞ form a set of injective cogenerators for the category of p-local R-modules. For any q A Spec R and object D in T, one has equivalences
The first one is by (5.3); the second holds as the R-module Hom Ã T À C; DðqÞ Á is q-local and q-torsion, by (3.1). Propositions 4.4 and 4.14 now yield the stated equality.
Let X be a non-zero object in L p T, so that cosupp R X ¼ fpg, and pick a compact object C with Hom Ã T À CðpÞ; X Á 3 0; see Proposition 4.4. It then follows that
Replacing C by an appropriate suspension S n C, if necessary, from the computation above and (5.3) one gets
The other condition for perfect cogeneration holds because, for any map X ! Y in L p T, the induced map
Classifying colocalizing subcategories. We say that the local-global principle holds for colocalizing subcategories of T if for each object X in T there is an equality
The corresponding notion for localizing subcategories is investigated in [5] , §3. The reformulation below of the local-global principle is easy to prove.
Lemma 5.5. The local-global principle for colocalizing subcategories is equivalent to the statement: For any X A T and any colocalizing subcategory S of T, one has
Colocalizing subcategories of T are related to subsets of Spec R via maps
which are defined by sðSÞ ¼ ðS X L p TÞ and t À
Proposition 5.6. If the local-global principle for colocalizing subcategories of T holds, then the map s is bijective, with inverse t.
Proof. We use the fact that L p is an idempotent exact functor preserving products. First observe that for each colocalizing subcategory S of T there is an inclusion
We prove that st is the identity, that is to say, that for any family À SðpÞ Á p A Spec R of colocalizing subcategories with SðpÞ L L p T the colocalizing subcategory cogenerated by all the SðpÞ, call it S, satisfies S X L p T ¼ SðpÞ for each p A Spec R:
For any localizing subcategory S of T, the reformulation of the local-global principle in Lemma 5.
Remark 5.7. In analogy with the notion of stratification for localizing subcategories of T introduced in [5] , §4, we say that T is costratified by R if (C1) the local-global principle holds for colocalizing subcategories of T;
(C2) for each p A Spec R, the colocalizing subcategory L p T contains no proper nonzero colocalizing subcategories.
It is immediate from Proposition 5.6 that when these conditions hold, the maps s and t induce a bijection colocalizing
For the main results of this work, it su‰ces to consider a version of costratification for tensor triangulated categories, see Section 9; so we do not study the general notion in any great detail.
Axioms for support and cosupport
In this section we give an axiomatic description of cosupport, analogous to the one for support in [4] , Theorem 5.15; see also Theorem 6.4 below. This material is not used elsewhere in this paper.
As before, we fix a compactly generated R-linear triangulated category T. The starting point is the following cohomological addendum to Corollary 4.9. Lemma 6.1. Let V L Spec R be a specialization closed subset. For each object X in T, the following conditions are equivalent:
Proof. (1) , (1 0 ) is part of Corollary 4.9, while (1 0 ) , (2) is a consequence of Theorem 3.2. To prove that (2) , (3), use Lemma 4.11. r Remark 6.2. As noted above, for each specialization closed subset V of Spec R there is an equality of subcategories
The subcategory on the left is colocalizing, by Proposition 4.16, while the one on the right is localizing, since G p preserves set-indexed coproducts; see [4] , Corollary 6.6.
Given a specialization closed subset V L Spec R, Lemma 6.1 yields cohomological criteria for the (co)support of any object X to be contained in Spec RnV. This leads to axiomatic descriptions of cosupport and support. Theorem 6.3. There exists a unique assignment sending each object X in T to a subset cosupp R X of Spec R such that the following properties hold: (2) O r t h o g o n a l i t y : For objects X and Y in T, one has that
(4) S e p a r a t i o n : For any specialization closed subset V of Spec R and object X in T, there exists an exact triangle X 0 ! X ! X 00 ! in T such that cosupp R X 0 L Spec RnV and cosupp R X 00 L V:
Proof. Lemma 6.1 implies (1). Corollary 4.10 is (2), and Proposition 4.6 is (3). Proposition 4.7 implies (4). Here one uses for any specialization closed subset V of Spec R the localization triangle (4.1). Now let s : T ! Spec R be a map satisfying properties (1)-(4).
Fix a specialization closed subset V L Spec R and an object X A T. It su‰ces to verify that the following equalities hold:
Indeed, for any point p in Spec R one then obtains that
Therefore, p A sðX Þ if and only if sðL p X Þ 3 j; this last condition is equivalent to L p X 3 0, by the cohomology property. The upshot is that p A sðX Þ if and only if p A supp R X , which is the desired conclusion.
It thus remains to prove ( * ).
Let X 0 ! X ! X 00 ! be the triangle associated to V, provided by property (4) . It su‰ces to verify the following statements:
The equalities in (i) are immediate from properties (3) and (4). In verifying (ii), the crucial observation is that, by the cohomology property, for any Y in T one has
Thus X 0 is in Im V V . On the other hand, property (2) and Lemma 2.1 imply that X 00 is in Im L V . One thus obtains the following morphism of triangles:
where the object ConeðaÞ G ConeðS À1 bÞ belongs to Im V V X Im L V , hence is trivial. Therefore, a and b are isomorphisms, which yields (ii). r
The following axiomatic description of support is a slight modification of [4] , Theorem 5.15. Note that conditions (1) and (3) coincide for support and cosupport. The crucial di¤erence appears in conditions (2) and (4). Theorem 6.4. There exists a unique assignment sending each object X in T to a subset supp R X of Spec R such that the following properties hold: (2) O r t h o g o n a l i t y : For objects X and Y in T, one has that
(4) S e p a r a t i o n : For any specialization closed subset V of Spec R and object X in T, there exists an exact triangle X 0 ! X ! X 00 ! in T such that supp R X 0 L V and supp R X 00 L Spec RnV:
Proof. Adapt the proof of [4] , Theorem 5.15, using Lemma 6.1. r
Change of rings and categories
In this section we discuss how support and cosupport are a¤ected by the change of rings and categories. Throughout R is a graded-commutative noetherian ring.
Linear functors. Let T and U be R-linear triangulated categories. We say that a functor F : T ! U is R-linear if it is an exact functor such that for each X in T the following diagram is commutative:
Let F : T ! U be an R-linear functor, and let X and Y be objects in T and U, respectively. The structure homomorphisms f X and f FX provide two R-module structures on Hom Ã U ðFX ; Y Þ, and the R-linearity of F is equivalent to the claim that these coincide.
We are grateful to the referee for suggesting the following lemma.
Lemma 7.1. Let F : T ! U be an R-linear functor and G a right adjoint. Then the following statements hold:
(2) The functor G is R-linear.
Proof. For (1), observe that the adjunction isomorphism can be factored as
where the second map is induced by the counit y : FG ! Id U . For (2) , note that the map Hom U ðY ; Y Þ ! G Hom T ðGY ; GY Þ can be factored as
where the second map is the adjunction isomorphism. r Proposition 7.2. Let F : T ! U be a functor between compactly generated R-linear triangulated categories which preserves set-indexed coproducts and products. Let E be a left adjoint of F , and suppose that F or E is R-linear. For any specialization closed subset V of Spec R there are then natural isomorphisms
Note that the functor F admits a left adjoint by Brown representability, because F preserves set-indexed products.
Proof. For each object X in T, one has an exact triangle
induced by the localization triangle for V. It thus su‰ces to verify that F G V X is in Im G V and that FL V X is in Im L V ; see [4] , §4. We use the adjunction isomorphisms
ð7:3Þ
which are R-linear because F or E is R-linear; see Lemma 7.1. Note that EC is compact if C is compact, since F preserves set-indexed coproducts.
An object Y in U belongs to Im G V if and only if Hom Ã U ðC; Y Þ p ¼ 0 for all compact C A U and all p A Spec RnV. Applying this characterization to F G V X and G V X , the adjunction (7.3) 
An object Y in U belongs to Im L V if and only if Hom Ã U ðC@p; Y Þ ¼ 0 for all compact C A U and all p A V, by Corollary 4.9 and Lemma 6.1. Applying this characterization to FL V X and L V X , the adjunction (7.3) implies that FL V X is in Im L V . Here, one uses that EðC@pÞ G ðECÞ@p, and this completes the proof of the first pair of isomorphisms.
The isomorphism FL ZðpÞ G L ZðpÞ F implies F À X ðpÞ Á G ðFX ÞðpÞ for each X in T and each p in Spec R. Given this, the proof of the isomorphisms involving E is similar: For each object Y in U, it follows from Proposition 4.14 and adjunction that there are inclusions
Remark 7.4. In the preceding proof, the assumption on F or E to be R-linear is only used for the R-linearity of the adjunction isomorphisms (7.3).
Change of rings. Let S be a graded-commutative noetherian ring, and U an S-linear triangulated category. Given a homomorphism of rings a : R ! S, there is a natural R-linear structure on U induced by homomorphisms
As usual, a induces a map a Ã : Spec S ! Spec R, with a Ã ðqÞ ¼ a À1 ðqÞ for each q in Spec S. Observe that if V L Spec R is specialization closed, then so is the subset ða Ã Þ À1 V of Spec S. Assume now that M p 3 0 for some p B V. We view M p as an S p -module and find therefore a prime ideal q in Spec S p L Spec S such that ðM p Þ q G M q is non-zero. It remains to observe that a Ã ðqÞ L p and hence that a Ã ðqÞ is not in V. r Change of rings and categories. Henceforth, we say ðF ; aÞ : ðT; RÞ ! ðU; SÞ is an exact functor to mean that T and U are compactly generated R-linear and S-linear triangulated categories, respectively; a : R ! S is a homomorphism of graded rings; and F is an exact functor that is R-linear with respect to the induced R-linear structure on U; in other words, that the diagram ?
Theorem 7.7. Let ðF ; aÞ : ðT; RÞ ! ðU; SÞ be an exact functor which preserves setindexed coproducts and products. Let E be a left adjoint and G a right adjoint of F . Let V L Spec R be a specialization closed subset and set W ¼ ða Ã Þ À1 V. Then there are natural isomorphisms:
This result contains Propositions 7.2 and 7.5: to recover the first, set a ¼ id R ; for the second set F ¼ Id T . On the other hand, it is proved using the latter results.
Proof. Since F is linear with respect to the induced R-linear structure on U, Propositions 7.2 and 7.5 yield the following isomorphism:
The other isomorphisms in (1) can be obtained in the same way.
The isomorphisms in (2) are obtained by taking right adjoints of those in (1). r
As applications, we establish results which track the change in support along linear functors; this is one reason we have had to introduce these notions. Each inclusion is an equality when the corresponding functor is faithful on objects.
Proof. Let p be a point in Spec R, and pick specialization closed subsets V and W of Spec R such that fpg ¼ VnW. For example, set V ¼ VðpÞ and W ¼ Vnfpg.
Observing thatṼ VnW W ¼ ða Ã Þ À1 fpg, this yields equalities supp S F ðG p X Þ ¼ supp S FX X ðṼ VnW WÞ ¼ supp S FX X ða Ã Þ À1 fpg:
Thus, a Ã ðsupp S FX Þ L supp R X , and equality holds if F is faithful on objects.
The other inclusions are obtained in the same way. r
In the preceding result, the stronger conclusion supp S FX ¼ ða Ã Þ À1 supp R X need not hold, even when F is an equivalence of categories. Example 7.9. Let R be a field, set S ¼ R½a=ða 2 À aÞ, and let U ¼ DðSÞ denote the derived category of S-modules, with canonical S-linear structure. Let T ¼ U and view this as an R-linear triangulated category via the inclusion a : R ! S.
Let F : T ! U be the identity functor; it is evidently compatible with a and faithful. Observe however that for the module X ¼ S=ðaÞ in T one has supp R X ¼ Spec R and Spec S FX ¼ fðaÞg:
On the other hand, ða Ã Þ À1 supp R X ¼ Spec S. Corollary 7.10. Let ðF ; aÞ : ðT; RÞ ! ðU; SÞ be an exact functor which preserves setindexed coproducts and products. Let E be a left adjoint and G a right adjoint of F . Let p A Spec R and suppose that U ¼ ða Ã Þ À1 fpg is a discrete subset of Spec S. Then there are isomorphisms:
Proof. Choose specialization closed subsets V and W of Spec R with VnW ¼ fpg.
where the first one follows Theorem 7.7. The second is by Proposition 4.15, which applies sinceṼ VnW W ¼ U and U is discrete. The last isomorphism holds because one has G q LW W GṼ V G G q for all q A U; see [4] , Proposition 6.1.
The other isomorphisms can be obtained in the same way. r
The next result involves a notion of costratification of R-linear triangulated categories. This has been introduced in Remark 5.7, and the analogous notion of stratification is from [5] , §4. Theorem 7.11. Let ðF ; aÞ : ðT; RÞ ! ðU; SÞ be an exact functor which preserves setindexed coproducts and products, and fix an object X in T.
(1) If T is costratified by R and the right adjoint of F is faithful on objects, then supp S FX ¼ ða Ã Þ À1 ðsupp R X Þ X supp S U:
(2) If T is stratified by R and the left adjoint of F is faithful on objects, then
Proof. We prove the statement concerning cosupports; the argument for the one for supports is exactly analogous.
To begin with, from Corollary 7.8 one gets an inclusion cosupp S FX L ða Ã Þ À1 ðcosupp R X Þ X cosupp S U:
Now fix a q A supp S U with q B cosupp S FX . We need to show that p ¼ a Ã ðqÞ is not in cosupp R X . Let E be a left adjoint of F . Using adjunction, one has Hom T ðEG q À; X Þ G Hom U ðÀ; L q FX Þ ¼ 0:
There exists some object U in U such that EG q U 3 0, since q A supp S U and E is faithful on objects. Moreover, EG q U belongs to G p T, by Corollary 7.8. Since R stratifies T, the subcategory G p T contains no non-trivial localizing subcategories, and hence coincides with Loc T ðEG q UÞ. Thus 0 ¼ Hom T ðG p À; X Þ G Hom T ðÀ; L p X Þ; and therefore p B cosupp R X . r Perfect generators and cogenerators. For any subset U of Spec R we consider the full subcategories
The notion of a set of perfect cogenerators was recalled in Section 5. The notion of a set of perfect generators is analogous; see [17] . Lemma 7.12. Let ðF ; aÞ : ðT; RÞ ! ðU; SÞ be an exact functor which preserves setindexed coproducts and products. Let U be a subset of Spec R and setŨ U ¼ ða Ã Þ À1 U. Then the following statements hold:
(1) When F is faithful on objects from T U , its left adjoint maps any set of perfect generators of UŨ U to a set of perfect generators of T U .
(2) When F is faithful on objects from T U , its right adjoint maps any set of perfect cogenerators of UŨ U to a set of perfect cogenerators of T U .
Proof. Let E denote a left adjoint of F . It follows from Corollary 7.8 that F and E restrict to functors between T U and UŨ U . Now use adjunction to prove (1) . The proof of (2) is analogous. r
Tensor triangulated categories
In this section we discuss special properties of triangulated categories which hold when they have a tensor structure. Let ðT;n; 1Þ be a tensor triangulated category as defined in [4] , §8. In particular, T is a compactly generated triangulated category with a symmetric monoidal structure; n is its tensor product and 1 the unit of the tensor product. The tensor product is exact in each variable and preserves coproducts.
By Brown representability there are function objects HomðX ; Y Þ satisfying
and we write X 4 for the Spanier-Whitehead dual HomðX ; 1Þ. Note that the adjunction extends to function objects, in the sense that there are natural isomorphisms
This is an easy consequence of Yoneda's lemma.
We shall assume that the tensor unit 1 is compact and that all compact objects C are strongly dualizable in the sense that the canonical morphism C 4 n X ! HomðC; X Þ is an isomorphism for all X in T. We also assume that HomðÀ; Y Þ is exact for each object Y in T.2) Canonical actions. The symmetric monoidal structure of T ensures that the endomorphism ring End Ã T ð1Þ is graded commutative. It acts on T via homomorphisms
In particular, any homomorphism R ! End Ã T ð1Þ of rings with R graded commutative induces an action of R on T. We say that an R action on T is canonical if it arises from such a homomorphism. In that case there are for each specialization closed subset V and point p of Spec R natural isomorphisms 
2) The exactness of HomðÀ; Y Þ was omitted from [4] , §8, since it was not used there, but it is important in Lemma 8.4 below.
3) For these results to hold, the R action should be canonical, for the R-linearity of the adjunction isomorphism (8.1) is used in the arguments.
In particular, there are natural isomorphisms
Proof. Combine the isomorphisms in (8.2) with the adjunction defining Hom. r Colocalizing subcategories. Function objects turn localizing subcategories into colocalizing subcategories in the following sense. Proof. This holds as HomðÀ; Y Þ is exact and turns coproducts into products. r
We focus attention on colocalizing subcategories satisfying the equivalent conditions of the following lemma.
Lemma 8.5. Let S be a colocalizing subcategory of T. Then the following conditions on S are equivalent:
(1) For all compact objects X in T and all Y in S, X n Y is also in S.
(2) For all compact objects X in T and all Y in S, HomðX ; Y Þ is in S.
(3) For all objects X in T and all Y in S, HomðX ; Y Þ is in S.
Proof. The equivalence of (1) and (2) follows from the isomorphisms X 4 n Y G HomðX ; Y Þ and X 4 4 G X . The equivalence of (2) and (3) follows from Lemma 8.4 and the fact that T is compactly generated. r
We say that a colocalizing subcategory is Hom closed if the equivalent conditions of the lemma hold, and write Coloc Hom ðCÞ for the smallest Hom closed colocalizing subcategory containing a class C of objects in T.
A localizing subcategory S of T is tensor ideal or tensor closed if X A T and Y A S imply that X n Y is in S. Given a class C of objects in T, we denote by Loc n ðCÞ the smallest tensor ideal localizing subcategory containing C.
The gist of the next result is that (an appropriate version of) the local-global principle holds for tensor triangulated categories. The first part, about localizing subcategories, is from [6] , Theorem 3.6. Proof. The first equality is [6] , Theorem 3.6.
In particular, Loc n T ð1Þ ¼ Loc n T ðfG p 1 j p A Spec RgÞ, which in conjunction with Lemma 8.4 gives the second equality below:
The first one holds because X ¼ Homð1; X Þ and the last one is by Proposition 8.3. r Lemma 8.7. If S is a colocalizing subcategory of T, then HomðX ; Y Þ is in S for all X in Loc T ð1Þ and Y in S. In particular, if 1 generates T, then all its colocalizing subcategories are Hom closed.
Proof. This follows from Lemma 8.4. r Remark 8.8. Let T be a tensor triangulated category with a canonical R-action. If T is generated by its unit 1, then the local global principle for (co)localizing subcategories holds. This follows from Theorem 8.6 and Lemma 8.7.
Costratification
Let T ¼ ðT;n; 1Þ be a tensor triangulated category as in Section 8, endowed with a canonical R-action. In this section, we introduce a variant of the notion of costratification, see Remark 5.7, suitable for this context and explain some consequences, including a classification of the Hom closed colocalizing subcategories.
Recall from Proposition 5.6 that there are maps s and t which yield a classification of colocalizing subcategories. Proposition 8.3 implies that each L p T is Hom closed, so these maps restrict to the following maps on Hom closed subcategories: where sðSÞ ¼ ðS X L p TÞ and t À SðpÞ Á is the colocalizing subcategory of T cogenerated by all the SðpÞ. The following result is the analogue of [5] , Proposition 3.6. Proof. The proof is exactly analogous to that of Proposition 5.6, using the localglobal principle from Theorem 8.6. r
We say that the tensor triangulated category T is costratified by R if for each p A Spec R, the colocalizing subcategory L p T contains no proper non-zero Hom closed colocalizing subcategories. Compare this definition with the one in Remark 5.7 for general triangulated categories. One does not have to impose the analogue of the local-global principle (C1), for it always holds; see Theorem 8.6. The next result is now immediate from the definition of costratification.
Corollary 9.2. If the tensor triangulated category T is costratified by R, then the above maps cosupp R and cosupp À1 R are mutually inverse bijections.
Stratification. In analogy with the notion of costratification, the tensor triangulated category T is stratified by R if for each p A Spec R the localizing subcategory G p T is zero or minimal among tensor ideal localizing subcategories; see [5] , §7.
Next we establish a formula relating support and cosupport when T is stratified. 
It follows that G p X 3 0 and L p Y 3 0 when L p HomðX ; Y Þ 3 0. r In [5] , Theorem 7.3, we proved that supp R ðX n Y Þ ¼ supp R X X supp R Y holds if T is stratified. An analogue for function objects is contained in the next result.
Theorem 9.5. The following conditions on T are equivalent:
(1) The tensor triangulated category T is stratified by R.
Proof. (1) ) (2): One inclusion follows from Lemma 9.3. For the other inclusion one uses that T is stratified by R. Fix p A supp R X X cosupp R Y . The minimality of the tensor ideal localizing subcategory G p T implies G p 1 A Loc n ðG p X Þ, since G p X 3 0. Applying Lemma 8.4, one obtains 0 3 HomðG p 1; Y Þ A Coloc Hom À HomðG p X ; Y Þ Á and therefore HomðG p X ; Y Þ 3 0. Using the first isomorphism in (9.4), it follows that p is in the cosupport of HomðX ; Y Þ.
(2) ) (3): Clearly, HomðX ; Y Þ ¼ 0 implies cosupp R HomðX ; Y Þ ¼ j.
(3) ) (1): To prove that the tensor triangulated category T is stratified by R, it su‰ces to show that given non-zero objects X and Y in G p T for some p in Spec R, there exists a Z such that Hom Ã T ðX n Z; Y Þ 3 0; see [4] , Lemma 3.9.
Since supp R Y ¼ fpg, it follows from Theorem 4.13 that p A cosupp R Y holds, and hence from our assumption that HomðX ; Y Þ 3 0. In particular, there exists a Z A T such that Hom Ã T À Z; HomðX ; Y Þ Á 3 0. The adjunction isomorphism (8.1) then yields
The preceding result has the following immediate consequence.
Corollary 9.6. Suppose the tensor triangulated category T is generated by its unit. Then T is stratified by R if and only if for all objects X and Y in T one has
There is the following connection between stratification and costratification.
Theorem 9.7. When the tensor triangulated category T is costratified by R, it is also stratified by R, and then there is an equality
Proof. It su‰ces to prove that given non-zero objects X and Y in G p T for some p in Spec R, there exists a Z such that Hom Ã T ðX n Z; Y Þ 3 0; see [4] , Lemma 3.9.
Assume T is costratified by R. As G p X 3 0 there exists an object C A T such that Hom Ã T À X ; CðpÞ Á 3 0, by Proposition 4.14. It is easy to verify using the adjunction isomorphism (8.1) that the subcategory 
for some Z in T, and hence that T is stratified.
The formula for cosupp R HomðX ; Y Þ follows from Theorem 9.5. r Remark 9.8.
It is an open question whether stratification implies costratification. The proof of Theorem 9.7 uses the fact that every localizing subcategory generated by a set of objects arises as the kernel of a localization functor; see the proof of [4] , Lemma 3.9. It is not known whether the analogous statement for colocalizing subcategories is true or not. This reflects the fact that products are usually more complicated than coproducts.
The following corollary combines the classification of colocalizing subcategories, Corollary 9.2, with the classification of localizing subcategories in [6] , Theorem 3.8. Proof. Assume T is costratified by R; it is then stratified by R, by Theorem 9.7. In particular, both the tensor closed localizing subcategories and the Hom closed colocalizing subcategories of T are in bijection with the subsets of supp R T, via the maps supp R ðÀÞ and cosupp R ðÀÞ, respectively; see [4] , Theorem 3.8, and Corollary 9.2. Now, for any tensor closed localizing subcategory S of T one has the equalities
where the first one is a routine verification, and the second one is by Theorem 9.7. In the same vein, for any Hom closed localizing subcategory U one has
It thus follows that, under the identification above, both maps S 7 ! S ? and U 7 ! ? U correspond to the map on supp R T sending a subset to its complement, and are thus inverse to each other. r
Brown-Comenetz duality. Let k be a commutative ring and suppose that the category T is k-linear. We denote by D ¼ Hom k ðÀ; EÞ the duality for the category of k-modules with respect to a fixed injective cogenerator E.
The Brown-Comenetz dual X Ã of an object X is defined by the isomorphism D Hom T ð1; À n X Þ G Hom T ðÀ; X Ã Þ:
Note that there is a natural isomorphism X Ã G HomðX ; 1 Ã Þ. Proposition 9.10. One has cosupp R 1 Ã ¼ supp R T and cosupp R X Ã L supp R X for any X A T; equality holds if T is stratified by R as a tensor triangulated category.
Proof. The first equality holds because X Ã G HomðX ; 1 Ã Þ and X Ã ¼ 0 if and only if X ¼ 0. The inclusion follows from Lemma 9.3, since
When T is stratified, Theorem 9.5 gives equality. r Remark 9.11. Let T be a tensor triangulated category generated by its unit 1, and equipped with a canonical R action. Given Remark 8.8, it is clear that T is (co)stratified by R as a triangulated category if, and only if, it is (co)stratified by R as a tensor triangulated category. And to verify that T is stratified (respectively, costratified) it su‰ces to check that each G p T is a minimal localizing subcategory (respectively, each L p T is a minimal colocalizing subcategory).
The results in this section thus yield interesting information about all localizing and colocalizing subcategories of T. For instance, Corollary 9.2 coincides with the bijection in Remark 5.7, while Theorem 9.7 says that if T is costratified then it is also stratified.
Formal dg algebras
In this section we prove that the derived category of dg (short for ''di¤erential graded'') modules over a formal dg algebra is costratified by its cohomology algebra, when that algebra is graded commutative and noetherian.
Let A be a dg algebra and DðAÞ its derived category of (left) dg modules. It is a triangulated category, generated by the compact object A; see [16] . A morphism A ! B of dg algebras is a quasi-isomorphism if the induced map H Ã A ! H Ã B is an isomorphism. Then restriction induces an equivalence of triangulated categories DðBÞ ! @ DðAÞ, with quasiinverse the functor B n L A À. Dg algebras A and B are called quasi-isomorphic if there is a finite chain of quasi-isomorphisms linking them.
The multiplication on A induces one on its cohomology H Ã A. We say A is formal if it is quasi-isomorphic to H Ã A, viewed as a dg algebra with zero di¤erential.
Remark 10.1. Suppose that A is formal and that H Ã A is graded commutative. Fix a chain of quasi-isomorphisms linking A and H Ã A; it induces an equivalence of categories DðAÞ F DðH Ã AÞ.
The derived tensor product of dg modules endows DðH Ã AÞ with a structure of a tensor triangulated category, with unit H Ã A. Thus, DðAÞ also acquires such a structure, via the equivalence DðAÞ F DðH Ã AÞ; denote this tensor product on DðAÞ by n. The object A is a tensor unit, and one gets an action of H Ã A on DðAÞ, defined by taking for each object X the composite map
We refer to this as the action induced by the given chain of quasi-isomorphisms linking A and H Ã A.
The action of H Ã A on DðAÞ depends on the choice of quasi-isomorphisms linking A and H Ã A. One has however the following independence statement. Proof. For any chain of quasi-isomorphisms, it is clear from the construction that the homomorphism H Ã A ! End Ã DðAÞ ðAÞ is the canonical one, and hence it is independent of the action. It thus remains to note that the local cohomology functors on a compactly generated R-linear triangulated category are determined by the action of R on a compact generator, by [6] , Corollary 3.3. r
In the case when A is a ring, which may be viewed as a dg algebra concentrated in degree zero, the result below is contained in recent work of Neeman [21] . We note that the cosupport, and hence the costratification, are independent of the choice of a canonical action, by Lemma 10.2.
Theorem 10.3. Let A be a formal dg algebra such that H Ã A is graded commutative and noetherian. The category DðAÞ is costratified by any H Ã A-action induced by a chain of quasi-isomorphisms linking A and H Ã A.
Proof. We may replace A by H Ã A and assume d A ¼ 0 and A is graded commutative. Set D ¼ DðAÞ. Since A is a unit and a generator of this tensor triangulated category, its colocalizing subcategories are RHom closed; see Lemma 8.7. It remains to verify that L p D is a minimal colocalizing subcategory for each homogeneous prime ideal p in A; see Remark 9.11.
Let kðpÞ be the graded residue field at p. The object kðpÞ is in L p D, so to verify the minimality of L p D it su‰ces to note that for each non-zero M in L p D, the following equalities hold:
The first equality holds by Proposition 8.3 since M G L p M. As to the second one, since A is stratified by H Ã A, by [5] , Theorem 8.1, one has
Now apply Lemma 8.4. The last equality follows from the fact that kðpÞ is a graded field and the action of A on RHom A À kðpÞ; M Á factors through kðpÞ. r
Exterior algebras. Let L be a graded exterior algebra over a field k on indeterminates x 1 ; . . . ; x c in negative odd degree, regarded as a dg algebra with zero di¤erential. We give L a structure of Hopf algebra via Dðx i Þ ¼ x i n 1 þ 1 n x i . In [6] , §4, we introduced the homotopy category of graded-injective dg modules over L, denoted KðInj LÞ, and proved the following statements: KðInj LÞ is a compactly generated tensor triangulated category, in the sense of Section 8; its unit is an injective resolution of the trivial module k, and this generates KðInj LÞ; the graded endomorphism algebra of the unit is Ext Ã L ðk; kÞ, which is isomorphic to the graded polynomial k-algebra S ¼ k½x 1 ; . . . ; x c with jx i j ¼ Àjx i j þ 1.
Theorem 10.4. The category KðInj LÞ is costratified by the action of Ext Ã L ðk; kÞ.
Proof. It is proved in [6] , Theorem 6.2, that a suitable dg module J over L n k S yields an equivalence Hom L ðJ; ÀÞ : KðInj LÞ ! @ DðSÞ. The theorem now follows from Theorem 10.3. r
Finite groups
Throughout this section, G will be a finite group and k a field whose characteristic divides the order of G. The associated group algebra is denoted kG, and H Ã ðG; kÞ denotes its cohomology k-algebra, Ext Ã kG ðk; kÞ. This algebra is graded commutative, because kG is a Hopf algebra, and finitely generated and hence noetherian, by a result of Evens and Venkov [10] , [24] ; see also Golod [13] .
Let KðInj kGÞ be the homotopy category of complexes of injective kG-modules. This is a compactly generated tensor triangulated category, in the sense of Section 8, where the tensor product X n k Y and the function object Hom k ðX ; Y Þ are induced by those on kG-modules via the diagonal action of G. The injective resolution ik of the trivial module k is the identity for the tensor product, and it yields a canonical action of H Ã ðG; kÞ on KðInj kGÞ; see [7] for details. To simplify notation, we write V G for Spec H Ã ðG; kÞ, and set for each object X in KðInj kGÞ supp G X ¼ supp H Ã ðG; kÞ X and cosupp G X ¼ cosupp H Ã ðG; kÞ X : Example 11.1. We write m for the maximal ideal H f1 ðG; kÞ.
(1) One has cosupp G X ¼ fmg for any non-zero compact object X A KðInj kGÞ.
(2) For each p A V G the object T ik À I ðpÞ Á , from (5.3), satisfies
Indeed, for (1) observe that the natural morphism X ! X ÃÃ is an isomorphism for each compact object X by [6] , Lemma 11.5, where ðÀÞ Ã denotes Brown-Comenetz duality. Proposition 9.10 therefore gives the first inclusion below:
For the second inclusion one uses that the H Ã ðG; kÞ-module Hom Ã KðkGÞ ðC; X Ã Þ is m-torsion for each compact C A KðInj kGÞ, since it is of the form Hom k ðM; kÞ for some finitely generated H Ã ðG; kÞ-module M by the defining isomorphism of the Brown-Comenetz dual X Ã . It remains to observe that cosupp G X 3 j since X 3 0.
To prove (2), note that Hom Ã 
It is easy to verify that these functors fit in the framework of Section 7: which preserves coproducts and products. Its right adjoint and left adjoint is ðÀÞ" G , and the latter is faithful on objects.
The following result is an analogue of [6] , Lemma 9.3.
Lemma 11.3. Let H be a subgroup of G. Fix p A V G and set U ¼ ðres Ã G; H Þ À1 fpg. The set U is finite and discrete, and for any X A KðInj kGÞ and any Y A KðInj kHÞ there are natural isomorphisms:
Proof. The set U is finite and discrete as H Ã ðH; kÞ is finitely generated as a module over H Ã ðG; kÞ. The result now follows from Corollary 7.10, given Lemma 11.2. r The next result is an analogue of [6] , Proposition 9.4. Proposition 11.4. Let H be a subgroup of G. The following statements hold:
(1) For any object Y in KðInj kHÞ, there is an equality
(2) Any object X in KðInj kGÞ satisfies X # H " G A Coloc Hom ðX Þ, and hence
Proof. Part (1) is a special case of Corollary 7.8, which applies by Lemma 11.2.
(2) One has X # H " G G X n k kðG=HÞ, where kðG=HÞ is the permutation module on the cosets of H in G. Let W be an injective resolution over kG of kðG=HÞ. Arguing as in the proof of [7] , Proposition 5.3, one can prove that the natural map X n k kðG=HÞ ! X n k W is an isomorphism in KðInj kGÞ. As W is compact in KðInj kGÞ, see [18] , Lemma 2.1, it remains to apply Lemma 8.5. r Elementary abelian groups. Let E be an elementary abelian p-group E ¼ hg 1 ; . . . ; g r i and k a field of characteristic p. We set z i ¼ g i À 1, so that the group algebra may be described as kE ¼ k½z 1 ; . . . ; z r =ðz p 1 ; . . . ; z p r Þ:
Let A be the Koszul complex on z 1 ; . . . ; z r , viewed as a dg algebra: The graded algebra underlying it is generated by kE in degree zero together with exterior generators y 1 ; . . . ; y r , each of degree À1. The di¤erential on A is given by dðy i Þ ¼ z i and dðz i Þ ¼ 0. We write KðInj AÞ for the homotopy category of graded-injective dg A-modules. It is a compactly generated tensor triangulated category, with a canonical action of Ext Ã A ðk; kÞ; see [6] , §8.
Proposition 11.5. The category KðInj AÞ is costratified by the action of Ext Ã A ðk; kÞ.
Proof. Let L be an exterior algebra over k on indeterminates x 1 ; . . . ; x r of degree À1, viewed as a dg algebra with d L ¼ 0. Let KðInj LÞ be the homotopy category of gradedinjective dg L-modules, with tensor triangulated structure described in the paragraph preceding Theorem 10.4.
By [6] , Lemma 7.1, there is a quasi-isomorphism of dg k-algebras f : L ! A defined by fðx i Þ ¼ z pÀ1 i y i , and by [6] , Proposition 4.6, this induces an equivalence of triangulated categories Hom L ðA; ÀÞ : KðInj LÞ ! @ KðInj AÞ:
The desired result is now a consequence of Theorem 10.4. r
The next result complements [6] , Theorem 8.1, concerning stratification.
Theorem 11.6. Let E be an elementary abelian p-group and k a field of characteristic p. The category KðInj kEÞ is costratified by the canonical action of H Ã ðE; kÞ.
Proof. Write kE G k½z 1 ; . . . ; z r =ðz p 1 ; . . . ; z p r Þ, and let A be the Koszul dg algebra described above. Note that kE ¼ A 0 so the inclusion kE ! A is a morphism of dg algebras; restriction along it gives an exact functor KðInj AÞ ! KðInj kEÞ which preserves coproducts and products, and is compatible with the induced homomorphism a : Ext Ã A ðk; kÞ ! Ext Ã kE ðk; kÞ ¼ H Ã ðE; kÞ:
The functor Hom kE ðA; ÀÞ is a right adjoint of restriction. We claim that each X A KðInj kEÞ satisfies Thick À Hom kE ðA; X Þ Á ¼ ThickðX Þ in KðInj kEÞ; ð * Þ and, in particular, that Hom kE ðA; ÀÞ is faithful on objects.
Indeed, recall that A is the Koszul complex over kE on z ¼ z 1 ; . . . ; z r , and in particular, a finite free complex of kE-modules. This yields the first isomorphism below of complexes of kE-modules:
Hom kE ðA; X Þ G Hom kE ðA; kEÞ n kE X G S r A n kE X :
The second one is by self-duality of the Koszul complex; see [8] , Proposition 1.6.10. The radical of the ideal ðzÞ coincides with that of ð0Þ, so the complexes A and kE generate the same thick subcategory in KðInj kEÞ; see [15] , Lemma 6.0.9. Since À n kE X is an exact functor on KðInj kEÞ, it follows from the isomorphism above that Hom kE ðA; X Þ and X generate the same thick subcategory, as desired.
We are thus in a position to apply Corollary 7.8. Fix a prime p A V E and let q ¼ a À1 ðpÞ. The functor Hom kE ðA; ÀÞ then takes L p KðInj kEÞ to L q KðInj AÞ and is faithful. Hence, for any non-zero objects X and Y in L p KðInj kEÞ, one has
since KðInj AÞ is costratified by the action of Ext Ã A ðk; kÞ; see Proposition 11.5. It implies, in view of the equality ( * ) above, that in KðInj kEÞ one has
Thus, L p KðInj kEÞ is a minimal colocalizing subcategory. Thus, KðInj kEÞ is costratified by the action of H Ã ðE; kÞ; see Remark 9.11. r
Next we prepare for a version of the preceding theorem for arbitrary finite groups.
Quillen's stratification. We consider pairs ðH; qÞ of subgroups H of G and primes q A V H , and say that ðH; qÞ and ðH 0 ; q 0 Þ are G-conjugate if conjugation with some element in G takes H to H 0 and q to q 0 . Proof. Conjugation with any element g A G induces an automorphism of KðInj kGÞ that takes an object X to X g . Note that multiplication with g induces an isomorphism X ! @ X g . The assertion follows, since conjugation commutes with restriction and local homology. r Quillen has proved that for each p in V G there exists a pair ðE; qÞ such that E is an elementary abelian subgroup of G and res Ã G; E ðqÞ ¼ p; see the discussion after [22] , Proposition 11.2. We say p originates in such a pair ðE; qÞ if there does not exist another such pair ðE 0 ; q 0 Þ with E 0 a proper subgroup of E. In this language, [22] , Theorem 10.2, reads: The proof of the next result can be shortened considerably by invoking the subgroup theorem for supports, [4] , Theorem 11.2, which is deduced from the stratification theorem for KðInj kGÞ, [4] , Theorem 9.7. We give a direct proof, by extracting an argument from the proof of the latter result. Proposition 11.9. Fix p A V G and suppose p originates in E. Given a non-zero object X in L p KðInj kGÞ, one has
Proof. The decomposition of X # E is by Lemma 11.3. For the remaining statements, it su‰ces to find one pair ðE 0 ; q 0 Þ where p originates and such that L q 0 ðX # E 0 Þ 3 0. Then Theorem 11.8 yields that each pair ðE; qÞ as in the statement is G-conjugate to ðE 0 ; q 0 Þ, and hence L q ðX # E Þ 3 0, by Lemma 11.7.
Since X 3 0 holds, Chouinard's theorem for KðInj kGÞ, see [4] , Proposition 9.6(3), provides an elementary abelian subgroup E 00 of G such that X # E 00 3 0. Fix a q 00 in cosupp E 00 ðX # E 00 Þ. Proposition 11.4 then yields res Ã G; E 00 ðq 00 Þ A cosupp G ðX # E 00 " G Þ L cosupp G X ¼ fpg:
Applying Theorem 11.8 to E 00 one gets a pair ðE 0 ; q 0 Þ, with E 0 a subgroup of E 00 , where q 00 originates. Observe that p then originates in ðE 0 ; q 0 Þ, by functoriality of restrictions and the computation above. It remains to note that
where the inclusion holds by the choice of q 0 and the equality is by It follows from Theorem 11.6 and Proposition 11.9 that each non-zero object X in L p KðInj kGÞ satisfies
Together with Proposition 11.4, one thus obtains:
It remains to observe that the collection of objects T C@q À I ðqÞ Á " G cogenerates the triangulated category L p KðInj kGÞ. This is a consequence of Proposition 5.4 and Lemma 7.12, which can be applied, thanks to Lemma 11.2 and Proposition 11.9. r
Applications. The consequences of costratification described in Section 9 apply to KðInj kGÞ. In particular, Theorem 9.7 implies that KðInj kGÞ is stratified as a tensor triangulated category by H Ã ðG; kÞ, which is [6] , Theorem 9.7. A modification of Theorem 7.11 yields the following subgroup theorem for cosupport, which is analogous to the one for support; see [6] , Theorem 11.2. We can now justify the results stated in the introduction.
Proof of Theorem 1.1. From Theorems 11.13 and 9.7 it follows that the tensor triangulated category StModðkGÞ is stratified and costratified by the canonical action of H Ã ðG; kÞ. Thus the map sending a subset U of V G to the subcategory of kG-modules X satisfying supp G X L U yields a bijection between subsets of V G and tensor ideal localizing subcategories of StModðkGÞ; see [6] , Theorem 3.8. Composing this bijection with the one between localizing and colocalizing subcategories from Corollary 9.9 gives the desired result. Indeed, denote by ðÀÞ Ã the Brown-Comenetz duality on StModðkGÞ which equals W Hom k ðÀ; kÞ by [6] , Proposition 11.6, where WN denotes the kernel of a projective cover of a kG-module N. Then one gets the first equality below because M is finite dimensional:
The second equality is Proposition 9.10, and the last one is well known; see [2] , Theorem 5.1.1.
Modules. Although ModðkGÞ is not a triangulated category, we define colocalizing subcategories in an analogous way. A full subcategory of ModðkGÞ is said to be thick if whenever two modules in a short exact sequence are in, then so is the third. A colocalizing subcategory S of ModðkGÞ is a thick subcategory closed under all products, that is, for any family of modules M i (i A I ) in S the product Q i M i is in S. The next lemma describes an extra tensor condition for colocalizing subcategories; it parallels Lemma 8.5.
Lemma 11.15. Let S be a colocalizing subcategory of ModðkGÞ. Then the following conditions are equivalent:
(1) If N is a simple kG-module and M is in S, then N n k M is in S.
(2) If N is a finitely generated kG-module and M is in S, then N n k M is in S.
(3) If N is a kG-module and M is in S, then Hom k ðN; MÞ is in S.
A colocalizing subcategory of ModðkGÞ is said to be Hom closed if the equivalent conditions of the lemma hold. The next result is analogous to [6] , Proposition 2.1.
Proposition 11.16. The canonical functor from ModðkGÞ to StModðkGÞ induces a one to one correspondence between non-zero Hom closed colocalizing subcategories of ModðkGÞ and Hom closed colocalizing subcategories of StModðkGÞ.
Thus the classification of Hom closed colocalizing subcategories of ModðkGÞ is a consequence of the costratification of StModðkGÞ formulated in Theorem 11.13.
A. Localization functors and their adjoints
Localization functors. A functor L : C ! C is called localization functor if there exists a morphism h : Id C ! L such that the morphism Lh : L ! L 2 is invertible and Lh ¼ hL. The morphism h is called adjunction. Recall that a morphism h : F ! F 0 between functors is invertible if hX : FX ! F 0 X is invertible for each object X . A functor G : C ! C is by definition a colocalization functor if its opposite functor G op : C op ! C op is a localization functor. The corresponding morphism G ! Id C is called coadjunction.
Any localization functor L : C ! C can be written as the composite of two functors that form an adjoint pair. In order to define these functors let us denote by Im L the essential image of L, that is, the full subcategory of C that is formed by all objects isomorphic to one of the form LX for some X in C.
Lemma A.1. Let L : C ! C be a localization functor and write L as a composite
where G denotes the inclusion functor. Then G is a right adjoint of F .
Proof. See [4] , Lemma 3.1. r
Next we characterize the adjoint pairs of functors ðF ; GÞ such that its composite L ¼ GF is a localization functor. Given any category C and a class S of morphisms in C, we denote by Q : C ! C½S À1 the universal functor that inverts all morphisms in S; see [12] , §I.1. Thus Qf is invertible for all f in S, and any functor F : C ! D such that F f is invertible for all f in S factors uniquely through Q.
Lemma A.2. Let F : C ! D and G : D ! C be a pair of functors such that G is a right adjoint of F . Let L ¼ GF and h : Id C ! L be the adjunction morphism. Then the following are equivalent:
(1) The morphism Lh : L ! L 2 is invertible and Lh ¼ hL (that is, L is a localization functor).
(2) The functor F induces an equivalence C½S À1 ! @ D, where S denotes the class of morphisms f in C such that F f is invertible.
(3) The functor G is fully faithful.
Proof. For (1) , (3) see [4] , Lemma 3.1; for (2) , (3) see [12] , Proposition I.1.3. r
Let F : C ! D be an exact functor between triangulated categories. Then the full subcategory Ker F consisting of all objects that are annihilated by F is a thick subcategory of C. Denote by S the class of morphisms f in C such that F f is invertible. Then a morphism in C belongs to S if and only if its cone belongs to Ker F . Thus C½S À1 ¼ C=Ker F ; see [25] .
The right adjoint of a localization functor. We discuss the existence of a right adjoint of a localization functor. Lemma A.3. Let L : C ! C be a localization functor with a right adjoint G. Then G is a colocalization functor satisfying Im G ¼ Im L. If h : Id C ! L denotes the adjunction of L, then the coadjunction y : G ! Id C of G is given by the composite Hom C ðX ; GY Þ ! @ Hom C ðLX ; Y Þ ! ðhX ; Y Þ Hom C ðX ; Y Þ; X ; Y A C:
Proof. Fix an object Y in C. We need to show that GðyY Þ is an isomorphism and that GðyY Þ ¼ yðGY Þ. Denote by f X ; Y : Hom C ðX ; GY Þ ! @ Hom C ðLX ; Y Þ the natural bijection given by the adjunction between L and G. We use that LðhX Þ is an isomorphism and that LðhX Þ ¼ hðLX Þ. The following commutative diagram shows that GðyY Þ is an isomorphism since all horizontal maps are bijections. It remains to show that Im L ¼ Im G. Suppose that X belongs to Im L. Then hX is invertible, and therefore the map Hom C ðX ; yY Þ is bijective for all Y . Using this fact for Y ¼ X and Y ¼ GX shows that yX is invertible. Thus Im L L Im G. The proof of the other inclusion is similar. r Proposition A.4. For a localization functor L : C ! C are equivalent:
(1) The functor L admits a right adjoint.
(2) The inclusion functor G : Im L ! C admits a right adjoint G r .
(3) There exists a colocalization functor G : C ! C such that Im G ¼ Im L.
In that case G G GG r and G is a right adjoint of L.
Proof. (2) ) (1): Write L as composite L ¼ GF as in Lemma A.1. Then the composite GG r is a right adjoint of L, since G is a right adjoint of F . r
The left adjoint of a localization functor. We discuss the existence of a left adjoint of a localization functor.
Proposition A.5. For a localization functor L : C ! C are equivalent:
(1) The functor L admits a left adjoint.
(2) The functor F : C ! Im L sending X in C to LX admits a left adjoint F l .
(3) There exists a colocalization functor G : C ! C such that Gf is invertible if and only if Lf is invertible for each morphism f in C.
In that case G G F l F and G is a left adjoint of L.
Proof. Denote by S the class of morphisms in C that are inverted by L.
(1) ) (2): Let L l be a left adjoint of L and write L ¼ GF as in Lemma A.1. Then we have for X , Y in C Hom C ðX ; FY Þ G Hom C ðGX ; GFY Þ G Hom C ðL l GX ; Y Þ:
Thus L l G is a left adjoint of F .
(2) ) (3): It follows from Lemma A.2 that F induces an equivalence C½S À1 ! @ Im L. Applying the dual assertion of this lemma shows that F l is fully faithful and that G ¼ F l F is a colocalization functor. Moreover, the class of morphisms that are inverted by G coincides with the corresponding class for F , which equals S.
(3) ) (1): Denote by Q : C ! C½S À1 the universal functor inverting S and let L; G : C½S À1 ! C be the induced functors satisfying L ¼ LQ and G ¼ GQ. It follows from Lemma A.2 that L is a right adjoint of Q and that G is a left adjoint of Q. Thus for X , Y in C we have Hom C ðGQX ; Y Þ G Hom C ðQX ; QY Þ G Hom C ðX ; LQY Þ:
It follows that G is a left adjoint of L. r Remark A.6. Let C be a triangulated category and L : C ! C an exact localization functor. Then statements (2) and (3) in Proposition A.5 admit the following equivalent reformulations:
(2 0 ) The quotient functor C ! C=Ker L admits a left adjoint.
(3 0 ) There exists an exact colocalization functor G : C ! C such that Ker G ¼ Ker L.
The equivalence C=Ker L ! @ Im L has already been mentioned. The reformulation of (3) relies on the same argument: an exact functor inverts a morphism f in C if and only if it annihilates the cone of f.
